The extremal codes of lengths 76 with an automorphism of order 19  by Dontcheva, Radinka & Yorgov, Vassil
Finite Fields and Their Applications 9 (2003) 395–399
The extremal codes of lengths 76 with an
automorphism of order 19$
Radinka Dontchevaa,1 and Vassil Yorgovb,
aFaculty of Information Technology and Systems, Delft University of Technology, 2628 CD Delft,
The Netherlands
bDepartment of Mathematics and Computer Science, Fayetteville State University,
Fayetteville, NC 28301, USA
Received 10 March 2002; revised 29 January 2003; accepted 13 February 2003
Communicated by Vera Pless
Abstract
We ﬁnd all extremal [76,38,14] binary self-dual codes having automorphism of order 19.
There are three inequivalent such codes. One of them was previously known. The other two
are new. These codes are the shortest known self-dual codes of minimal weight 14 as well as
the best-known linear codes of that length and dimension.
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
It is known [3] that the weight enumerator, W ; of an extremal binary [76,38,14]
self-dual code and the weight enumerator, S; of its shadow have one of the forms
W ¼ 1þ ð4750 16aÞy14 þ ð79895þ 64aÞy16 þ ð915800 64aÞy18 þ?
S ¼ ay10 þ ð9500 14aÞy14 þ ð1831600þ 91aÞy18
þ ð105689400 364aÞy22 þ?; ð1Þ
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where 0pap296;
W ¼ 1þ 2590y14 þ 106967y16 þ 674584y18 þ?
S ¼ y2 þ 8954y14 þ 1836865y18 þ 105664452y22 þ? ð2Þ
or
W ¼ 1þ ð4750þ 16aÞy14 þ ð80919 64aÞy16 þ ð905560 64aÞy18 þ?
S ¼ y6 þ ð16 aÞy10 þ ð9620þ 14aÞy14 þ ð1831040 91aÞy18 þ?; ð3Þ
where 296pap 16:
In [1] a code is obtained with weight enumerators W and S of form (1) with a ¼ 0:
That code has an automorphism of order 19. In this work we use a ﬁeld of 218
elements to ﬁnd all [76,38,14] codes having an automorphism of order 19. There are
three inequivalent such codes. All of them have the same weight enumerator (namely
(1) with a ¼ 0) and are shadow extremal (see [3,4]). As can be seen in [3], a self-dual
binary code with minimum distance 14 can exist for some smaller lengths (74, 72, and
70). No such codes are known. These codes have the largest minimum distance
among the all known linear codes of length 76 and dimension 38 (see [2]).
2. The code construction
We use the method developed in [6–8]. Until the end of the work C will denote a
[76,38] self-dual code.
Lemma 1. If C has minimum weight 14 and an automorphism, s; of order 19 then there
are 4 cycles of length 19 in the cycle decomposition of s:
This lemma follows from Theorem 1 and Corollary 4 of [7].
From now on we assume that C is a code of minimum weight 14 that has an
automorphism
s ¼ ð1; 2;y; 19Þð20; 21;y; 38Þð39; 40;y; 57Þð58; 59;y; 76Þ:
Denote FsðCÞ ¼ fvAC j vs ¼ vg: Let EsðCÞ be the set of all vectors in C having even
weight on each cycle of s: The code C can be decomposed as a direct sum of FsðCÞ
and EsðCÞ [6]. Let GFð2Þ be the binary ﬁeld and let p : FsðCÞ-GFð2Þ4 be the
‘‘contraction’’ map which deletes all but one of the coordinates of vAFsðCÞ in every
cycle of s: Then pðFsðCÞÞ is a self-dual ½4; 2 binary code. Hence we can assume that
pðFsðCÞÞ is generated by the matrix
1 1 0 0
0 0 1 1
 !
:
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This determines the last two rows of the generator matrices in Theorem 1. Let
P be the binary cyclic code of length 19 generated by x  1: Since the parity
check polynomial x
191
x1 is irreducible over the ﬁeld GFð2Þ; P is a ﬁeld with 218
elements.
Every restriction of a vector of EsðCÞ on a cycle of s has even weight and can be
viewed as an element of P: Denote by jðEsðCÞÞ the image of EsðCÞ under this
identiﬁcation.
It follows from Theorem 2 of [7] that jðEsðCÞÞ is a self-dual ½4; 2 code over the
ﬁeld P with respect to the following inner product:
u1v
29
1 þ u2v2
9
2 þ u3v2
9
3 þ u4v2
9
4 ¼ 0: ð4Þ
If there is a weight 2 vector in jðEsðCÞÞ it will generate a [38,18,14] binary code. The
Griesmer bound [5] implies that such a code does not exist. Thus jðEsðCÞÞ is a [4,2,3]
maximum distance separable (MDS) code over the ﬁeld P and any two coordinates
are information positions.
The next lemma follows immediately from Theorem 3 of [8].
Lemma 2. Two [76,38,14] self-dual codes C and C0 having automorphism s are
equivalent iff the code C0 can be obtained from the code C applying a product of some
of the following transformations:
(i) The substitution x-x2 in jðEsðCÞÞ;
(ii) A multiplication of the jth coordinate of jðEsðCÞÞ by xtj ; where tj is a nonnegative
integer, j ¼ 1; 2; 3; 4;
(iii) A permutation of the four cycles of C:
Let e be the identity of P; a ¼ x þ x2 þ x5 þ x6 þ x13 þ x14 þ x17 þ x18; and b ¼
x4 þ x7 þ x8 þ x9 þ x10 þ x11 þ x12 þ x15 þ x16 þ x17: The multiplicative orders of a;
b; and xb in the ﬁeld P are 29  1; ð29 þ 1Þ=19; and 29 þ 1; respectively.
The next lemma follows from Lemma 2 and the self-duality of jðEsðCÞÞ:
Lemma 3. There is a generator matrix of jðEsðCÞÞ of the form
e 0 aibs1 ajbs2
0 bs3 ajbs1 aibs2
 !
;
where ai þ aj ¼ e; 1pip510; 1pjp510; ioj; and 0pstp26 for t ¼ 1; 2; 3:
An application of transformation (i) of Lemma 2 results in multiplication by 2
(mod 511) of the numbers i and j of Lemma 3. Using a computer we ﬁnd
representatives of the orbits under multiplication by 2 (mod 511) of all pairs ði; jÞ
satisfying the conditions of Lemma 3. These representatives are ð1; 93Þ; ð6; 13Þ;
ð7; 505Þ ð9; 59Þ; ð15; 37Þ; ð19; 105Þ; ð20; 99Þ; ð21; 87Þ; ð25; 251Þ; ð29; 178Þ; ð31; 193Þ;
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ð34; 175Þ; ð39; 111Þ; ð43; 246Þ; ð45; 61Þ; ð46; 255Þ; ð49; 119Þ; ð63; 190Þ; ð73; 219Þ;
ð83; 138Þ; ð91; 167Þ; ð94; 169Þ; ð103; 108Þ; ð106; 239Þ; ð114; 221Þ; ð125; 187Þ;
ð155; 213Þ; ð179; 220Þ; ð191; 242Þ:
Each permutation of the code cycles with ð1; 3Þð2; 4Þ; ð1; 2Þð3; 4Þ and the nine-fold
application of the ﬁrst transformation of Lemma 2 leave the numbers i and j
unchanged and transforms the triples ðs1; s2; s3Þ according to the rules
ðs1; s2; s3Þ-ðs1; s3  s1; s2  s1Þ (mod 27), ðs1; s2; s3Þ-ðs2  s3; s1  s3;s3Þ
(mod 27), and ðs1; s2; s3Þ-ðs1;s2;s3Þ (mod 27), respectively. The above three
rules split the set of all triples ðs1; s2; s3Þ of Lemma 3 on 2744 orbits. For each of the
29 choices for fi; jg determined above and for each representative ðs1; s2; s3Þ of the
2744 orbits, a generator matrix of a binary [76,38] code was obtained and the code
was tested with a computer for nonzero vectors of weight less than 14. Only three
extremal codes C1; C2; C3 were found. The corresponding values of the parameters
are given in Table 1.
It follows from Lemma 2 that these three codes are inequivalent. Just to be on the
safer side we computed for each code the numbers Min and Max given in the last two
columns of the table. These numbers are invariants for equivalent codes. Let Alt be
the number of codewords of weight 14 that cover coordinate positions l and t: Then
Min (Max) is the smallest (largest) of the numbers fAlt j 1plotp76g:
Thus we have the following theorem. To save space some vectors are given in
hexadecimal, using 0 ¼ 0000; 1 ¼ 0001;y; 9 ¼ 1001; A ¼ 1010;y; F ¼ 1111: The
vectors are right-justiﬁed and the leading zeros are omitted.
Theorem 1. There are exactly three inequivalent [76,38,14] binary self-dual codes, C1;
C2; and C3; with automorphism of order 19. A generator matrix for Ci; i ¼ 1; 2; 3; is
V
ðiÞ
1 0 V
ðiÞ
2 V
ðiÞ
3
0 V
ðiÞ
4 V
ðiÞ
5 V
ðiÞ
6
J J 0 0
0 0 J J
0
BBBB@
1
CCCCA;
where the cells V
ðiÞ
j ; 1pip3; 1pjp6 are 18 19 circulant type matrices and J is the
1 19 all one matrix. The first rows of the matrices V ðiÞj are given in Table 2. These
three codes have weight enumerators W and S of the form (1) with a ¼ 0:
The code C1 was ﬁrst found in [1].
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Table 1
Code parameters
Code ði; jÞ ðs1; s2; s3Þ Min Max
C1 ð1; 93Þ ð1; 13; 17Þ 127 183
C2 ð45; 61Þ ð14; 24; 16Þ 127 185
C3 ð46; 255Þ ð5; 25; 19Þ 129 179
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Table 2
First rows
Code V
ðiÞ
1 V
ðiÞ
2 V
ðiÞ
3 V
ðiÞ
4 V
ðiÞ
5 V
ðiÞ
6
C1 3FFFF 5DDB2 6D8C5 317B1 5927C 5A87F
C2 3FFFF 43155 3655A 13ED2 5456E 13FDA
C3 3FFFF 24B7 41BCD 2786D C7EA 6EF58
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